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Abstract
Thermal phenomena in quantum field theory can be detected with the aid of
particle detectors coupled to quantum fields along stationary worldlines, by testing
whether the response of such a detector satisfies the detailed balance version of the
KMS condition at a constant temperature. This relation holds when the interac-
tion between the field and the detector has infinite time duration. Operationally,
however, detectors interact with fields for a finite amount of time, controlled by a
switching function of compact support, and the KMS detailed balance condition
cannot hold exactly for finite time interactions at arbitrarily large detector energy
gap. In this large energy gap regime, we show that, for an adiabatically switched
Rindler detector, the Unruh temperature emerges asymptotically after the detector
and the field have interacted for a time that is polynomially long in the large energy.
We comment on the significance of the adiabaticity assumption in this result.
1 Particle detectors and the detailed balance KMS condi-
tion
The concept of a particle is ambiguous in quantum field theory in generic, curved space-
times due to the lack of global symmetries. Particle detectors[1, 2, 3] resolve this am-
biguity by making the notion of a particle operational in the sense that, for a particle
detector interacting with a field, there will be absorption or emission of quanta which
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corresponds to particle exchange. This is the content of the dictum “a particle is what
a particle detector detects”[4].
The discovery of celebrated phenomena such as the Hawking[5] and Unruh[1] effects
indicates that there exists an intimate relationship between general relativity, quantum
physics and thermal physics. Localised observers in spacetime, equipped with ensembles
of particle detectors coupled to quantum fields, can register thermal effects, which occur
due to the detector-field interactions[6], by studying the response of their detectors.
More precisely, the detailed balance version of the KMS condition[7, 8, 9] can be used
to relate the energy gap of a detector transition, the temperature registered by the
observer and the ratio between the absorption and emission responses of an ensemble of
detectors[10] by
1
T
=
1
E
ln
(
F(−E)
F(E)
)
, (1.1)
where E is the energy gap of a detector state transition, T is the state temperature
and F(E) is the response of the detector. For example, a linearly uniformly acceler-
ated detector, which interacts with a field in the Minkowski vacuum state, satisfies the
detailed balance condition at the Unruh temperature, T = a/(2pi), in the conventional
approximation of weak coupling and long interaction time.
If we focus our attention to weakly-coupled, point-like particle detectors, condition
(1.1) holds whenever a detector follows an orbit that is stationary with respect to the
field KMS state and, moreover, interacts with the field for an infinite amount of (detector
proper) time. If eq. (1.1) holds in an asymptotic regime, we say that the response is
asymptotically thermal. For example, a detector which falls geodesically from infinity
into a Schwarzschild black hole, as it interacts with a field in the Hartle-Hawking-Israel
state, will satisfy the KMS condition at the asymptotic past infinity, where the geodesic
is stationary with respect to the radiation, but condition (1.1) will not be satisfied at
any finite distance, as the detector falls into the black hole. The (1 + 1)-dimensional
case has been studied by a combination of numerical and analytic techniques[11]. In
this case, the detailed balance condition is satisfied asymptotically, but not exactly, in
the sense that the interaction is asymptotically stationary.
From an operational point of view, the interaction of a detector with the field is
controlled by a smooth switching function of compact support in the detector proper
time, χ ∈ C∞0 (R), and not for an infinite amount of time. It is possible to show that
eq. (1.1) cannot hold exactly whenever the interaction is timelike compact[12] and the
detector energy gap, E, becomes large. Nevertheless, one may ask whether this condition
holds asymptotically, as the interaction time becomes long. Moreover, one may ask the
question, how long one needs to wait in order for the detailed balance condition to up
to energy E, as E →∞?
The purpose of this contribution is to answer this question in the case of a two-state,
pointlike Unruh-DeWitt detector coupled to a scalar field in the Minkowski vacuum
state though a smoothly-switched and timelike compact interaction Hamiltonian, along
an orbit of uniform linear acceleration. To this end, we shall introduce the model in
section 2 and make precise the notion of asymptotic thermality in section 3. Our main
result, namely, that the response of a uniformly accelerated detector is asymptotically
thermal at the Unruh temperature in a time scale that is polynomial in the energy in the
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large energy gap regime, is presented in section 4. This polynomial time can be achieved
under technical assumptions concerning the switching of the detector. We discuss this
issue in section 5.
2 Detector-Field model
We consider a detector-field system which consists of a Klein-Gordon field, Φ, weakly
coupled to a two-level, point-like particle detector in 4-dimensional Minkowski space.
The kinematical Hilbert space of the system is given by the tensor product Fs(HΦ)⊗
HD, where Fs(HΦ) = C ⊗s ⊕
∞
n=1H
⊗sn
Φ is the bosonic Fock space of the Klein-Gordon
field and HD is the detector two-dimensional Hilbert space.
The dynamics are implemented by the Hamiltonian H = HΦ ⊗ ID + IΦ ⊗ HD +
Hint, where HΦ is the Hamiltonian operator of the free scalar field, HD is the detector
Hamiltonian, and Hint is the interaction Hamiltonian. The detector Hamiltonian can
be written in terms of creation and annihilation operators as HD = Ed
†d and acts on
the basis energy eigenstates of the Hilbert space as HD|0〉 = 0|0〉 and HD|1〉 = E|1〉.
We consider E > 0, so that |0〉 is the ground state of the detector. The interaction
Hamiltonian is
Hint(τ) = cχ(τ)Φ(x(τ)) ⊗ µ(τ), (2.1)
where c ∈ R is a small coupling constant, µ : HD → HD is the monopole moment
operator of the detector, τ is the detector’s proper time and χ ∈ C∞0 (R) is a smooth
switching function of compact support that controls the interaction of the field and the
detector along the worldline of the detector.
If one supposes that the initial state of the system is given by |φ〉 ⊗ |0〉, where |φ〉 is
the Minkowski vacuum state, one can switch on the interaction and let the system evolve.
After the interaction has been switched off, the probability of a detector transition to
state |1〉 is proportional to the response function, which is given, to leading order in c,
by
F(E) =
∫ ∞
−∞
dτ ′
∫ ∞
−∞
dτ ′′ χ(τ ′)χ(τ ′′) e−iE(τ
′−τ ′′)W
(
x
(
τ ′
)
, x
(
τ ′′
))
, (2.2)
whereW is the pullback of the Wightman two-point function to the detector’s worldline
in the field state |φ〉.
The function defined by eq. (2.2) does not satisfy the detailed balance condition
whenever χ is a function of compact support [12]. Our objective is now to see under
what conditions F satisfies condition (1.1) asymptotically for a detector following a
Rindler trajectory, for a detector coupled to the field for a finite amount of time. We
make precise the definition of asymptotic thermality in section 3.
3 Asymptotic thermality
We introduce a time scale in the problem by performing a rescaling of the proper time
of the detector. We consider an adiabatic scaling λ which produces a long and slow
switching χ(τ) → χ(τ/λ) as λ → ∞. Concordantly, the response function (2.2) is
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rescaled by the time scale λ as
Fλ(E)/λ =
1
(2pi)2
∫ ∞
−∞
dω |χˆ(ω)|2
(
E + ω/λ
e2pi(E+ω/λ)/a − 1
)
, (3.1)
where we have specialised eq. (2.2) to the case of the Minkowski vacuum 2-point function
along the Rindler trajectory, and used the stationarity of the state to obtain formula
(3.1). When the scale λ is related to the energy, we establish an energy-dependent
timescale.
The pointwise limit as λ→∞ of eq. (3.1) defines a function that satisfies the detailed
balance condition at any fixed value of E at the Unruh temperature. This means that
after an infinite time has elapsed, the detector’s transition probability is a Planckian
spectrum at T = a/(2pi). This pointwise limit is a property of all stationary KMS states.
We consider λ = λ(E), as the energy E → ∞, to be a positive, strictly increasing
function of E. In other words, we consider the time scale to be a function of the large
energy gap. We define[12] the response to be asymptotically thermal at temperature T
if there exist positive functions of E, B+ and B−, such that
1
T
− B−(E) ≤
1
E
ln
(
Fλ(E)(−E)
Fλ(E)(E)
)
≤
1
T
+ B+(E) (3.2)
and B± → 0, perhaps at some prescribed rate, as E → ∞. Moreover, if such B±
functions exist and λ is a polynomial function of E, we say that the response of the
detector is polynomially asymptotically thermal.
Polynomially asymptotic thermality is relevant in the sense that if an observer,
equipped with an ensemble of detectors, and following a Rindler trajectory, wishes to
detect the Unruh temperature up to the large energy scale E, the amount of time that
the observer needs to wait after carefully switching on the interaction of the detectors
is polynomial in the large energy scale.
4 Asymptotic Unruh effect
The question of whether or not a detector satisfies the detailed balance condition asymp-
totically depends on the detailed form of the switching, χ ∈ C∞0 . In the case of a uni-
formly accelerated detector, there exists a class of switching functions for which it is
possible to find polynomially suppressed functions B±, which allow for the asymptotic
detailed balance condition to hold for the rescaled response function, Fλ, as E → ∞.
This class consists of the set of functions χ ∈ C∞0 whose Fourier transforms, χˆ, become
suppressed sufficiently fast. The technical conditions that define this set of switching
functions can be formulated precisely[12]. However, we feel that, for the purposes of this
contribution, it is more enlightening to present an example of a switching function that
belongs to this class. This example was introduced in the context of quantum stress
energy tensor smearing functions[13]. Consider the C∞(R) function
f(τ) =
{
(κτ)−3/2e−1/(4κτ ), τ > 0
0, τ ≤ 0.
(4.1)
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Here κ is a constant introduced for dimensional reasons, [κ] = [1/τ ]. A smooth switching
function of compact support is defined by χ(τ) = f(τ)f
(
κ−1 − τ
)
. The Fourier trans-
form, χˆ, exists by the convolution theorem and the rapid decay of f at large positive
argument, and this further allows one to write fˆ as a boundary value of the Laplace
transform of f . In this way, controlling the decay properties of fˆ is sufficient to control
the decay properties of χˆ. It suffices for us to say that χˆ has sufficiently strong decay
for our purposes and refer the reader to our references[12, 13] for details.
The bottom line is that, for a switching function with sufficiently strong decay, such
as the function χ provided in our example, the functions B± can be estimated and one
obtains that the asymptotic detailed balance condition (3.2) is satisfied at the Unruh
temperature, T = a/(2pi), with polynomially suppressed B±. With the specific switching
function described above, choosing λ = α(2piE/a)1+p, where α > piκ/(2a) and p > 1,
we obtain the bounds
B−(E) =
4
(2pi)5a
(
2piE
a
)−(1+p)/2
+O
((
2piE
a
)−p)
, (4.2a)
B+(E) =
||ωχˆ||2L2
||χˆ||2L2
pi2
3a2
(
2piE
a
)−(4+2p)
+O
((
2piE
a
)−2(3+2p)−1)
. (4.2b)
5 Final remarks
We would like to stress that the question of whether or not a detector satisfies the
detailed balance depends on the detailed form of the switching. To emphasise this
further, one may consider the following situation: Suppose that one smoothly switches
on a detector, and that this switching procedure takes a fixed detector proper time
interval ∆τs. Once this is done, one lets the detector and the field interact at a constant
interaction strength during a time ∆τ and, finally, one switches off the interaction
smoothly during a time ∆τs. Such a switching function can be constructed, for example,
by integrating bump functions of compact support in the detector proper time. Consider
now a time scale λ, that rescales the constant interaction time ∆τ → λ∆τ , but leaves
the switching tails fixed. As E →∞, the asymptotic detailed balance condition will not
be satisfied for any polynomial time scale, λ = P (E), where P is a positive, polynomially
increasing function of the energy [12]. This means that the careful and slow switching
of the interaction is necessary to detect a temperature, up to a large energy scales, at
late a time which is polynomial in the large energy.
Acknowledgments
C.J.F. thanks Prof R. Longo and the organisers of the session on Quantum Field The-
ory for arranging financial support under the ERC Advanced Grant “Operator Algebras
and Conformal Field Theory”. B.A.J.-A. thanks the organisers of the Fourteenth Marcel
Grossmann Meeting for their kind hospitality at Sapienza - Universita` di Roma, and
acknowledges the financial support of Consejo Nacional de Ciencia y Tecnolog´ıa (CONA-
5
CYT), Me´xico, REF 216072/311506 and of the School of Mathematical Sciences at the
University of Nottingham. J.L. was supported in part by STFC (Theory Consolidated
Grant ST/J000388/1).
References
[1] W. G. Unruh, “Notes on black hole evaporation”, Phys. Rev. D 14 (1976) 870.
[2] B. S. DeWitt, “Quantum Gravity: The New Synthesis”, in General Relativity: and
Einstein centenary survey, edited by S. W. Hawking and W. Israel (Cambridge
University Press, Cambridge, 1979) 680.
[3] W. G. Unruh and R. M. Wald, “What happens when an accelerating observer detects
a Rindler particle”, Phys. Rev. D 29 (1984) 1047.
[4] W. G. Unruh, public communication.
[5] S. W. Hawking, “Particle Creation by Black Holes”, Commun. Math. Phys. 43 (1975)
199 [Commun. Math. Phys. 46 (1976) 206].
[6] D. Buchholz and R. Verch, “Unruh versus Tolman: On the heat of acceleration”,
arXiv:1505.01686 [gr-qc].
[7] R. Haag, N. M. Hugenholtz and M. Winnink, “On the Equilibrium states in quantum
statistical mechanics”, Commun. Math. Phys. 5 (1967) 215.
[8] R. Kubo, “Statistical mechanical theory of irreversible processes. 1. General theory
and simple applications in magnetic and conduction problems”, J. Phys. Soc. Jap.
12 (1957) 570.
[9] P. C. Martin and J. S. Schwinger, “Theory of many particle systems. 1.”, Phys. Rev.
115 (1959) 1342.
[10] S. Takagi, “Vacuum noise and stress induced by uniform accelerator: Hawking-
Unruh effect in Rindler manifold of arbitrary dimensions”, Prog. Theor. Phys. Suppl.
88 (1986) 1.
[11] B. A. Jua´rez-Aubry and J. Louko, “Onset and decay of the 1 + 1 Hawking-Unruh
effect: what the derivative-coupling detector saw”, Class. Quant. Grav. 31 (2014)
24, 245007 [arXiv:1406.2574 [gr-qc]].
[12] C. J. Fewster, B. A. Jua´rez-Aubry and J. Louko, in preparation (2015).
[13] C. J. Fewster and L. H. Ford, “Probability Distributions for Quantum Stress Ten-
sors Measured in a Finite Time Interval,” arXiv:1508.02359 [hep-th].
6
